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SIMULTANEOUS ADDITIVE EQUATIONS: 
REPEATED AND DIFFERING DEGREES 

JULIA BRANDES AND SCOTT T. PARSELL 


Abstract. We obtain bounds for the number of variables required to establish Basse 
principles, both for existence of solutions and for asymptotic formulae, for systems of 
additive equations containing forms of differing degree but also multiple forms of like 
degree. Apart from the very general estimates of Schmidt and Browning-Heath-Brown, 
which give weak results when specialized to the diagonal situation, this is the first result 
on such “hybrid” systems. 


1. Introduction 

When Cij are nonzero integers and dj are natural numbers with di ^ ^ dr, we 

consider the solubility of the general system of additive forms 

S 

J2cijxf = 0 ( 1 . 1 ) 

i=i 

in integers Xi,... ,Xs- There is a fundamental dichotomy in the strategy for handling 
such systems, which depends on whether all forms are of the same degree. When the 
degrees are the same, the classical approach is to make a linear change of variables 
so that the mean values factor into a product of one-dimensional integrals, as in the 
work of Davenport and Lewis |T2], Cook [TO] . m, and Briidern and Cook [5], though 
recently new ideas have become available in the work of Briidern and Wooley laci 
El Meanwhile, when the dj are distinct, such investigations are made possible by 
the iterative method of Wooley |2l], [22], [23], which yields mean value estimates for 
exponential sums of the shape 

/k(Q:; A) = ^2 -f-h ottX^^) 

x&A 

when A is a set of suitably smooth integers. Here the second author [TB] has obtained 
bounds for pairs of equations in a handful of particular cases by optimizing over a large 
collection of iterative schemes in the style of Vaughan and Wooley [20]. In [TT], these 
results were extended to pairs of diophantine inequalities and to more general mixed 
systems with all degrees distinct. 

Additive systems in which some, but not all, of the degrees are repeated would seem to 
require a hybrid of the two approaches, and the purpose of this paper is to present such 
a strategy. The bounds we ultimately obtain are in line with what might be expected, 
given the results discussed above. 
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It is convenient for the analysis to sort the equations in fll.ll) by placing the various 
degrees in order of decreasing multiplicity. For 1 ^ ^ t write ..., for those 

distinct values of the exponents di,...,dr that occur with the same multiplicity /i/. 
Plainly, we may suppose that fii > ■ ■ ■ > Write further pi = piu{l) and 

n,n = H- \-- 1) + Pin (1 ^ n ^ z/(/), 1 ^ ^ t) (1.2) 

and let = r; so that rt = pi + - ■ ■ + pt = r, and with the conventions that q = ri_i 
and ro,o = 0. We adopt the notation 

^l,n = [ri,n-l + 1, n,n] (1 ^ U ^ u{l), 1 ^ I ^ t), 

Xi = [n-i + l,n] (1 ^ ^ t). 

After re-arranging the equations, we may then further suppose that the system takes 
the shape 

CijX^’'’"" =0 (i G Xi^n, 1 ^ n ^ !/(/), 1 ^ ^ t). 

i=i 

We write Ki = ki^i and 

K = di dr = piKi ptKt 

for the total degree of the system fll.ip . We further write M = pi and adopt the 
convention that po = pt+i = 0. We note that the two viewpoints {di, , dr) and (k; p) 
of organizing the degrees of the forms appearing in the system are both occasionally 
useful, so we retain both notations. 

In most cases, the number of variables required to establish local solubility in the 
current state of technology (see for example the work of Knapp m) is larger than 
what is needed to establish a local-global principle via the circle method, so we focus 
our attention on the latter problem. We aim for two types of Hasse principles, one 
for existence of solutions and one for asymptotic formulae. For the problem concerning 
existence of solutions, we make use of smooth number technology. Write 

A{P, R) = {n E [1, P] : p\n,p prime p ^ R} 

for the set of i?-smooth numbers up to P. Throughout, we fix R = for some 
sufficiently small positive number p = p{s, d). 

We say that the system fll.ll) is highly non-singular if for every 1 ^ n ^ v{l) and every 
1 ^ ^ f one has 

det(cij)i6x,_„jg^, ^ 0 (1.3) 

for every /irtuple C {1,..., s}. At the cost of a few extra variables, one may replace 
this condition by a weaker but more complicated rank condition across the blocks of 
variables dehned in Section 2 below. Since both conditions are satished by almost all 
systems of the shape fll.ll) . we choose the former hypothesis for its simplicity and for 
the additional flexibility it affords us in the analysis. 

Dehne 


Wh = viX) H-H niji). 


(1.4) 
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For any vector of distinct natural numbers kh = write 

kh = max {ki^n}, k = kt, and = min{/ii,..., fit}- 

Furthermore, let Mo(k/i) denote the least integer u with the property that 





Let G*{di,, dr) = fi) denote the smallest integer s for which every highly non¬ 

singular system fll.ip has the property that there exists a nontrivial positive integer 
solution whenever there exist non-singular positive real solutions and non-singular p- 
adic solutions for all primes p. Similarly, let To(k/i) denote the least integer v with the 
property that 



|/k,(7; [l,i"])P"d7 « p2.-(Ai+...+A,)+7 


Then write G*{di,..., dr) = G*(k; fi) for the analogous number of variables required 
(under the same local solubility hypotheses) to show that the number of solutions x G 
[1, P]^ of every highly non-singular system is given by 


J\f(p) = (C + o(l))P‘-''' 


(1.5) 


for some positive constant C = C(s, d). 

Theorem 1.1. (A) Let s{kh) = max{Mo(k/i), ^k{l + zuh)} for 1 ^ h Then one has 

t 

G*{k] fi) ^2 - fih+i)s{kh) + M. 

h=l 

(B) Let s(k/i) = max{To(k/i), \k{l -|- Wh)} for 1 ^ h ^t. Then one has 

t 

G*{k] fi) ^2 - fih+i)s{kh) 1. 

h=l 

Apart from general results of Birch [2] and Schmidt HZ] and recently Browning and 
Heath-Brown [1], which apply to more general (non-diagonal) systems, the bound in 
Theorem 11.11 is the hrst of its kind, in which the diagonal structure is exploited to 
obtain competitive bounds on the number of variables required. We note that, in the 
presence of sufficiently strong mean value estimates so that the above maxima were 
^k{l + Wh) for all h, the bounds in (A) and (B) would become k{M + r) + M and 
k{M -|- r) -|- 1, respectively. While conclusions of such strength are currently beyond our 
grasp. Theorem 11.11 can be made explicit by inserting bounds from the literature. In 
particular, by applying the results of Wooley [261 Theorem 1.2] one obtains the following. 
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Corollary 1.2. Suppose that di ^ 3 for alii, and write si(k/i) = ma.x{kh{kh — l), |/c(l + 
'^h)} for 1 ^ h < t. Then one has 

t-i 

G*(k; fi) ^ 2pk{k - 1) + 2 ^(/ih - /ife+i)si(k/j) + 1. 

h=i 

Here we are able to take fo(k/i) = kh{kh — 1) in Theorem ll.il (B), and in this instance 
one easily verifies that no(kt) = k{k — 1) exceeds \k{l + Wt) whenever k ^ 3. Similarly, 
the results of Wooley [22] (see also m Corollary 1.3]) show that one has Mo(k/i) ^ 
(1 + o{l))H{'kh), where 

H(kh) = kh^hifogkh + SloguJh), 

with refined conclusions available for various ranges of the parameters. One may there¬ 
fore derive bounds analogous to Corollary 11.21 for the function G*(k;/x). We highlight 
in particular some consequences of our results for the simplest collections of exponents 
not covered by previous work. 

Corollary 1.3. Let k and n he integers with k > n ^ 2. Then one has the bounds 
G*{k,k,n) ^ 4/c(A; — 1) -)- 1, G*{k, k, n,n) ^ 4A;(/c — 1) -f 1, 


and 


G*{k, n, n) ^ 


2k{k — 1) + 2n{n 
2fc2 + l 


1 ) + 1 


if k ^ n{n — 1) 
if k ^ n{n — 1), 


G*{k, k, n) ^ (6 -I- o(l))A; log k, G*{k, k, n, n) ^ {8 + o(l))/c log k, 


G*{k,n,n) ^ {4 + o{l))k\ogk + 2n\ogn. 


Observe that here it suffices to have fc > n ^ 2, as in the results for G*{k,k,n) 
and G*{k, k,n,n) we use Wooley’s bounds vo{k,n) ^ k{k — 1) only, which hold for all 
k ^ 3 regardless of the value of n. For G*{k,n,n) one needs additionally the bound 
^ 'o{n — 1), which holds for n ^ 3 by Wooley’s bound as above and for n = 2 by 
Hua’s Lemma. 

While these bounds follow as a direct consequence of our more general estimates, one 
would expect that a more detailed analysis of these special cases should yield better 
results. In particular, the strategies of Wooley [25] for making the transition from com¬ 
plete Vinogradov-type systems to incomplete systems associated with Waring’s problem 
have the potential to be employed here to a greater extent. Thus, we may expect 
some small improvements in the bounds for uo(k), which we have estimated trivially by 
uo(l, 2,..., /c). In fact, we may illustrate the potential of our methods by considering 
certain systems of small degree. 


Theorem 1.4. For systems of rg quadratic and rc cubic equations one has the bounds 


G*(2,3;rQ,rc) ^ 


Arg + L(20/3)rcJ + 1 
8rc -f L(8/3)rQj + 1 


if rg ^ rc, 
for rg ^ rg. 


SIMULTANEOUS ADDITIVE EQUATIONS 


5 


Furthermore, for rc > rq we also have 

G*{3,2-,rc,rQ) ^7rc+\{n/3)rQ]. 

Note that for systems of rq quadratic forms and one cubic form Theorem 11.41 yields 

G*{2, 3; Tq, 1) ^ drg + 7 = 2 ■ {2rq + 3) + 1, 

so the bound achieves the square root barrier in this case, thus joining the small group 
of examples for which we are able to establish bounds of this quality. Unfortunately, 
for other situations we do not obtain equally strong results, largely due to the lack of 
sufficiently powerful mean values. We also note that it may be possible to remove the 
explicit assumption of non-singularity for the real and p-adic solutions by adapting work 
of the first author [3]. We intend to pursue some of these rehnements in future papers. 

In Section 2, we establish our main mean value estimate, and we then prove Theo¬ 
rem o in Sections 3 and 4 by applying the circle method. Finally, in Section 5 we 
establish a few auxiliary results that will allow us to refine our arguments to obtain 
the bounds advertised in Theorem 11.41 for systems of cubic and quadratic equations in 
Section 6. 

The authors are grateful to Trevor Wooley for many helpful conversations and sugges¬ 
tions. This work originated with a visit of the hrst author to West Chester University 
and was facilitated by a subsequent workshop at Oberwolfach; the authors thank both 
institutions for their hospitality and support. 

2. The mean value estimate 

The following notational conventions will be observed throughout the paper. Any 
expression involving the letter e: will be true for any (sufficiently small) £ > 0. Con¬ 
sequently, no effort will be made to track the respective ‘values’ of e. Also, any state¬ 
ment involving vectors is to be understood componentwise. In this spirit, we write 
(g, b) = {q,bi,... ,bn) whenever b G Z", and we interpret a vector inequality of the 
shape C ^ b ^ H to mean that G ^ bi ^ D for i = 1,... ,n. 

For a G [0,1)'’ define 

ri,n 

= X] CijUi (1 ^ j ^ S, 1 ^ n ^ Z/(/), 1 ^ ^ f) (2.1) 

* = n,n-l + l 

and write 'jj = Furthermore, set fj{oL]A) = where A = 

[1, P] or ^ = A{P, R), with the convention that the explicit mention of the set A will be 
suppressed whenever there is no danger of confusion. We partition the indices {1,..., s} 
into M + 1 blocks 

t Uh—Uh+l 

{l,...,s} = ^oUlJ IJ (2.2) 

h=l m=l 

where each block ^h,m is of size 2uh with any excess variables placed into the block ^q, 
and define 

t 

So = - fJ^h+l)Uh- 

h=l 


(2.3) 
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Consider the mean value 





This mean value may be bounded in terms of simpler mean values. 


(2.4) 


Theorem 2.1. For A = [1, P] or A = A{P, R) one has 

t 

h=l 

where denotes the mean value 


f l/k.(7A)D‘d7. 


In particular, this implies that we will have a perfect mean value estimate for /u,k,/i(-4) 
as soon as we have perfect estimates for the primitive mean values ^ ^ 

h ^t. 


Corollary 2.2. Suppose Uh is large enough that one has 

< p2n,-(Ai+...+A^)+£ (I ^h^t). 


Then 


This follows from the theorem on observing that 

t 

+ ■ ■ ■ + Kh){p,h — /i/i+i) = Kip,i + ■ ■ • + Kt^it = K- 

h=l 

Proof of Theorem l2.ll Set A= [1, T*] or .4, = A{P^ R), and write 

h 

So{h) = - Ti+i)ui (l^h^t) and So(0) = 0, 

i=i 


so that so(t) = sq. 

First of all, by making a trivial estimate and applying the trivial inequality 


\Zl ■ ■ ■ Zn\ ^ \Zi\'^ + ■ ■ ■ + \Zn\"', (2-5) 

we hnd that 

p t f^h /^/i+1 

/u,k.M(* 2 l) « / n n \fhnh,m);A)\^^^da ( 2 . 6 ) 

J[0,irh=l m=l 

for some j{h,m) G F§h,m- Observe that the mean value on the right hand side of fl2.6p 
counts solutions to the system 


t Uh—Vh+l 

Ci,j{h,m)fh,m{kl,n) = 0 (* G 1 ^ U ^ !/(/), 1 ^ ^ f), (2.7) 

h=l m=l 
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where we wrote 

(kAk)= Y, 

j&SS{h,m) 

We now choose the sets Ji occurring in fll.Sp according to fl2.6p as 

Ji = {j{h, m) : 1 ^ m < /ife - /i/i+i, / 

where j{h,m) G ^h,m for all h and m. Let J = Ji, write Ci^n for the (/x; x M)-niatrix 
dehned by 

Ci,n = (1 ^ n ^ z/(/), 1 ^ < t), ( 2 . 8 ) 

and let 


il,n - ^ ' 

Then the system fl2.7l) can be written more compactly as 

Cl,nil,n = Q 

We prove the statement by induction. Consider the case / = 1. In view of the 
nonsingularity condition fll.311 . we have det 7 ^ 0 for 1 ^ n ^ ^(l); and it follows 
that the equations 


Cl, 1 ^ 1,1 — ■ ■ • — — 0 

are satished if and only if 


^ 1,1 — • ■ ■ — — 0. (2.9) 

Consider now those equations within fl2.9l) that correspond to h = 1. On recalling that 
|<^(l,m)| = 2 mi, we see that this subsystem consists of Hi — /X 2 copies of the system 

2 ui 

j=i 

whose solutions are counted by the mean value JuxM (x 4.). It follows that the total number 
of solutions of the subsystem corresponding to h = 1 is given by (J^j ,ki(x4.))'"l '"h 
Suppose now that for some I with 2 ^ ^ t the systems 


= • ■ ■ = ^hx{h) = 0 (1 ^ h ^ — 1), 


( 2 . 10 ) 


have been solved, so that all variables Xj with j G ^h,m, I ^ m ^ l^h — l^h+ii 1 ^ h ^ —1 
are determined. This hxes the values of ih,m{ki',n) for all 1 ^ m ^ I ^ h ^ 1 — 1 

for all degrees ki'^n with 1 ^ n ^ ^(^0; i ^ ^ t. We now seek to solve the subsystem 

associated to the degrees ki^i ,..., fc; Upon writing 


^l,n 


i^^h,m{kl,ri)) 


fih+i 


G 


for the vector of variables already determined, then the system is of the shape Ci^nCi,n = 0 
for 1 ^ n ^ ^(0) where $,i,n)- The nonsingularity condition implies that 

Ci^ri = [-Ai^n\Bi^n\, where Bi^n is a (/i; x /r/)-matrix with det(i?;,„) 7 ^ 0 for 1 ^ n ^ z/(/). 
Hence the system in question is equivalent to the system 


Bl^n^l,n T 0 (1 ^ 71 ^ r'(/)). 


( 2 . 11 ) 
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Write p = ^ cind cti for the vector comprising those components 

of (X corresponding to the set X^. Further, write k(/) = {k^i,..., ki^y(i)) and set / = /k(z)- 
Then the number of solutions of the system fl2.1ip is given by 


t f^h l^h + 1 


n ly r‘n-\-L 

/ n n l/(Ti(/^,m);^)^“'*e(Q:/■p)dQ;^ 

h=l m=l 

n t f^h P-Zl+l 

^ / n n \fhj{h,my,A)\‘^^^dai, 

and here the latter integral counts solutions of the system 


Bi^nikn = 0 (1 ^ n ^ z/(/)). 

Since the non-singularity condition implies that det(i?i^„) ^ 0, we therefore deduce that 
the number of solutions to fl 2 . 1 ip is bounded above by the number of solutions of the 
system 


= 0 (1 ^ n ^ z/(/)), 

and the contribution stemming from the case h = I can be interpreted as /i; — copies 
of the system 

2ui 

= 0 (1 ^ n ^ v{l)). 

t=i 

Combining this with fl 2 . 10 p . we hnd that the number of choices for the variables in each 
of the blocks with 1 ^ m ^ fii — is bounded above by the mean value 

Jui,ki{A.). It now follows by induction that 

t 

1=1 

and this completes the proof of the theorem. □ 


3. The minor arcs 

We now describe our Hardy-Littlewood dissection. For the purpose of the very general 
Theorem 11.11 we can afford to economize on effort by working exclusively with a narrow 
set of major arcs. The weakness of the ensuing minor arc estimates is of little consequence 
to the quality of our bounds, and we avoid pruning arguments. 

We take X ^ P to he & parameter tending to inhnity with P. Dehne the major arc 

91l(g, a; X) = {cK G [0,1)'’ : \qai — a,! ^ XP~’^\ 1 ^ ^ r}, 

and write fDT(X) for the union of all 91t(g,a;X) with 1 ^ a ^ g, (g, a) = 1 , and 
1 ^ g ^ X. We then write m(X) = [0, l)'’\91t(X) for the minor arcs. 

We establish a Weyl-type estimate by exploiting the non-singularity condition for an 
M-tuple of exponential sums. 
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Lemma 3.1. Suppose that ol G m(X). Then there exists a > 0 such that for each 
M-tuple (ji,..., Jm) of distinct indices there exists an index ji for which one has 

!/„(«; |1,P|)| s:PX-' 


Proof. Fix j as in the statement of the lemma, let a < 1/ {2k), and suppose that for some 
a G [0,1)'’ one has |/ji(Q:; [1, P])\ ^ PX~'^ for each i = 1,..., M. Then [H], Lemma 2.4, 
implies that there exists q -C for which 

||g7,,,z,„|| {l^n^v{l),l^l^t,l^i^M). (3.1) 

For ease of reference to the coordinate transform matrices dehned in the previous section, 
we hnd it convenient to partition the indices as in fl 2 . 2 l) . with ji,... ,jM occurring in 
distinct blocks. Thus we write j = = {j{m, h))i^rni:tiH-uh+i,i^hi:t, and for each 

I and n write 

Ti,n ~ and CX.i^n = {o^ri n_i+li ■ ■ ■ i Otri ^) ■ 

We also write for the extension of to all 1 ^ h ^ t. Then the relations fl2.ip give 

7 Z,n = CfnCtl^n (1 ^ U ^ v{l), I ^ I ^ t), 

where Ci^n = is the x M coefficient matrix dehned in fl2.8p . It follows from 

fll.3p that det{Bi^n) ^ 0 and hence that 

= {BlnY^lln (1 ^ ^ ^ u{l), l^l^t). 

Thus for each i with ri^n-i + 1 ^ i ^ ri ^, one has 

t Uh—Uh+l 

a* = E E 

h=l m=l 

where the bj(^h,m),i are entries of the matrix {B'f^)~^ whose moduli are hence bounded 
above by some absolute constant. It follows from fl3.ip that 


\\qai 


t Ul—Ul+l 

h=l m=l 


We therefore deduce that a. G TJt(X) for X sufficiently large, and the result follows. □ 


We now complete the analysis of the minor arcs for Theorem 11.11 For case dH]), we 
set s = 2so + 1, write fj{oL) = fj{oL', [1, P]), and set 


Ns,Kni^) 



(3.2) 


For j = 1,... ,M and cr > 0, let denote the set of a G [0,1)^ for which \fj{cy.)\ ^ 
PX~^. For a given index j, we partition the remaining 2so indices into blocks P§h,m 
with \PSh,m\ = 2uh, where Uh is as in Corollary 12.21 with A = [1, P], so that 

iV.,k,„(m«) « PX-‘'/„.k,M([l,Pl). 


(3.3) 
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Lemma f3. II ensures that there exists a for which m C U ■ ■ ■ U and it follows 

from Corollary 12.21 that whenever X is a small power of P and e is small enongh one has 

Ns,kA^) < < ps-Kj^-al2_ 

In case (j^ we set s = 2so + M and partition the indices j = M + 1,..., s as before, bnt 
with the block sizes determined by Corollary 12.21 with A = A{P, R). Here we write 

„ M t 

nsma^)= n n AAda, 

® i=l h=l m=l jeSSh,m 

where we snppose that fi^ct) = fi{cx.; [1,-P]) for 1 ^ ^ M and gj{cy.) = fj{ct,A{P,R)) 

for M + 1 ^ j ^ s. Then it follows from Lemma [3. II that 

NsmAA < P'^x-"/„,k,^(^(p,p)), 

and when £ is snfficiently small an application of Corollary 12.21 delivers the bound 

NsxAA < (3.4) 

This completes the analysis of the minor arcs in the setting of Theorem 11.11 

4. The major arcs 

We complete the proof of Theorem 11.11 by obtaining the expected contribution from 
our thin set of major arcs. Although the analysis is in principle relatively routine, 
the combination of repeated and differing degrees requires us to exercise some care in 
adapting existing approaches. As with our minor arc estimates, we make critical use of 
the non-singularity condition to extract non-singular sub-matrices of coefficients. 

Set X = (logP)^/^®^^ if ^ = A{P,R) or X = P^/(®'’) when A = [1,^*], and consider 
the slightly expanded major arcs 

X q 

ai(A) = U U ai(g,a;A), 

0=1 a=l 
(9,a)=l 

where 91(g, a; X) is given by the set of all a G [0,1)'’ satisfying 

\ai,n - q~^aA < (1 ^ n ^ u{l), 1 ^t). 

Then n(X) = [0,1)'’ \ Tl(X) C m(X), and the work of the previous section implies that 
the contribution of the minor arcs is negligible compared to the expected main term. 
We write 

q 

S{q,a) = H-h 

X=1 

and recall that the argument of [19], Theorem 7.1 (see also jH], equation (2.2)) gives 

5(g,a) < (g,a)i/'^gi-i/'=+L (4.1) 
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Further define a; = 0 if ^ = [1, P] and a; = 1 when A = A{P, R), and set 


v{f3;P) = / p 


/ (jjR 


log z 
logP 


H- V 


where p denotes Dickman’s function. We recall from the arguments of |T9l Theorem 7.3] 
and [211 Lemma 8.6] (see also [H], equations (2.3) and (2.4)) the estimate 

/ t y{l) X -i/k 

n(/3;P)«p(l + EE |A,n|P"'-) . (4.2) 

k 1=1 n=l ' 

It then follows easily that when ck = a/g + /3 G Tt(g, a, X) C DT(X), one has 
/,(«) = g-i^(g, A,)n(5,;P) + 0(X2p-(logP)-‘^), 

where 


and 


= X] CijOi (1 ^ j ^ S, 1 ^ Lt ^ i^(0) 1 ^ ^ ^ ^) 

*=n,n-l + l 


^j,Ln = (1 ^ j ^ s, 1 ^ ^ y{l), 1 ^ ^ t), 

*=n,n-l + l 


(4.3) 


(4.4) 


SO that 5 = 7 — A/g. We write S'j(g, a) = S'(g, Aj) and nj(/3; P) = n(5j; P), and dehne 

S n S 

®w=E E / n‘’jWDd/3. 

,iX K.S, j.l ,-.i 

('?,a) = l 

with 


t v{l) 

X(P,X) = X 

l=l n=l 

Then since volTt(X) A^’'+^P“^, one hnds that 



Mac ).. . Ua) da = e(X)3(X) + 0(P-'"(log P)-) 


(4.5) 


for some u > 0. 

We now show that one can complete the singular series and singular integral as usual 
by dehning, for each hxed P, 


6 = lim 6 (E) and 0 = lim fl(E). (4.6) 

y^oo y^oo 

We hrst complete the singular series. Write 


Mq) = ^ ^ yi 

l^a^q j=l 
('?,a)=l 
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and note that A{q) is mnltiplicative in q, whence the singnlar series, if convergent, can 
be written as 

OO 

®=nE^(p‘)- p.7) 

p i=0 

We show that the prodnct in fl4.7|) converges. 

Lemma 4.1. Suppose the system fll.ll) is highly non-singular with s > 2so, where sq is 
given by fl2.3p with 


Uh^^{l + Wh) (l^h^t). 

Then the singular series is absolutely convergent, and one has © — 6(X) <C X~^ for 
some 5 > 0. 

Proof. We partition the indices as in fl2.2p and let Vh = 2uh + (s — 2so)/M > 2uh for 
1 ^h ^t. Then one has 


t 

^ ^ ^h(.Th ph+l) "S) 
h=l 

and hence by fl2.5p there exists j G e^i,i x ■ • • x with the property that 

S t Uh—Uh + l 

E n n 

j=l l^a^q h=l m=l 

(<?>a)=l {g,a)=l 


We now apply the change of variables fl4.3p . Thns, on writing = (or, ■ ■ ■) Or, 
and = {Aji^h,m),i,n)l^rn 1 ^ m ^ yih - Ph+i and I ^ h ^ t, we obtain = 
where the matrix Bi^n is as in fl2.1ip . In particnlar, one has det ^ 0 for 
all 1 ^ n ^ v{l) and 1 ^ I ^ t. As a resnlt, the remaining coefficients Aj(^h^m),i,n with 
1 ^ m ^ fih — Ph+i and 1 ^ h ^ — 1 may be expressed as linear combinations of those 
Aj(h,m),i,n having h'^ 1. Then on writing 


Aj(/i^m) (Ajls;n^i/(Z) and A (Aj, 

the invertibility of the transformation fnrther implies that the coefficients of A occnrring 
in these relations satisfy (o. A) -C 1 whenever (o, a) = 1. Hence there exist constants 
C, C for which 


t (^h M/i + 1 

EH n iv.™)( 9 .a)r« 


l^a^q h=l m=l 

(g:a)=l 


t l^h M/i + 1 

E n n is(?.A,(^,„,)r». 

|A|^Cg h=l m=l 
(q,A)^C' 
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It follows from fl4.ip that 

t /J’h-IJ’h+l 

A(p')«p-'- E n n l■s(p^AM)r‘ 

|A|^Cp* ^=1 m=l 
(pLA)^C' 

t /J’h—IJ’h+l 

«p-/‘+' E 11 n 

|A|s£Cp* h-=l rn=l 
(pLA)sSC' 

Let k{p) denote the largest integer satisfying ^ C and dehne eh,m via {p\ Aj^h^m)) = 
p^h,m_ Then one has 

( t l^h \ 

h=l m=l ' 

where the sum is over all 0 ^ eh,m ^ i with the condition that eh,m ^ k{p) for at 
least one pair of indices {h,m), and S(phe) denotes the number of A ^ Cp* satisfying 
(p*, Aj(^h,m)) = p®'"’"* for every h and m. Recalling that for h < / the coefficients Aj(^h,m,),i,n 
are linearly dependent on {Aj(^h,m,),i,n)h^i, h suffices to determine the number of choices 
for those coefficients where h ^ in which case the number of choices for any given 
^j(h,m),i,n is certainly bounded above by It follows that 

t t f^h P'/i+l t f^h /^h + 1 

;=1 h=l m=l h=l m=l 

where we used fll.2p and fll.dp . Thus altogether we have the estimate 


p-^Ak+ir+e ER n <p^h,m{Vhl^ '^h) 

e h=l m=l 

Observe that the sum over e essentially amounts to a divisor function with the additional 
constraint that at least one of the Ch^m must be bounded above by a(p) in order to satisfy 
coprimality. Thus after executing the summation one hnds that A(p*) -C p-^i^lk-r)+i+e^ 
where 

t 

i ^ - Ph+i){vh/k - Whij - (i- k ( p )) mm{vh/k - Wh) 

h=l 

= i{s/k -r) - {i- K{p))mm{vh/k -Wh), 


and since pAA is bounded by an absolute constant, we obtain 


A(p*) -C p"* 


minh(vh/k-mh)+e 


(4.8) 


On recalling that 


k 
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the fact that Vh > 2uh implies that one has A{p’‘) <C p**- ^ for some r > 0, uniformly 
for i G N. It follows that 


p ^ i=l '' p 

for some constant c > 0, and this establishes the convergence of the singular series in 
the setting of Theorem 11.11 The second assertion of the lemma follows immediately. □ 


We now turn to the completion of the singular integral. 

Lemma 4.2. Suppose the system fll.ll) is highly non-singular with s > 2so, where sq is 
given by fl2.3p with 

Uh > \kwh (1 ^ h ^ t). 

Then one has 

Proof. Firstly, observe that by a change of variables one has 


3(A')«P-'''/ n "4/3; 1) d/3. 

j[-x,xr 

We now partition the indices as in (12.2p . By (12.51) . there exists j G x • • • x 
with the property that 

/ t Uh—Uh+l 

_n n |!';(ft,».)(/3;l)r"'-d/3, 

-h=l m=l 

where the set TZ contains all vectors /3 satisfying 

max max max{|dj|| > X. 

We make the change of variables fl4.4p . and write 


A,n — (/^n,n-l+l5 • • • J ^l,n ~ ( j ■ 

We then hnd as above that = iBi,n)^f3i,n and det A,n 7 ^ 0 (1 ^ n ^ z/(/), 1 ^ I ^t). 
Hence the remaining coordinates 5j(h,m),i,n with 1 ^ m ^ ph — ph+i and 1 ^ h ^ — 1 

are linear combinations of those Sj(^h,m),i,n having 1 ^ m ^ — Th+i and I ^ h ^t, and 

the non-singularity of the coordinate transform implies further that 

max max max max \hi(hm) nil X 

whenever I3 E P. We will write for the vector comprising all 5j[h,m),i,n with z ^ Z ^ 
h ^ t, 1 ^ n ^ z/(Z), and 1 ^ m ^ ph — Th+i- After integrating with respect to those 
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components of 5 = having I = 1, one obtains from fl4.2l) that 

n t i-^h i^h + 1 


t y{l) 

Z ^ I ^ \^jih,m),l,n\ 

h=l m=l ^ 1=1 n=l 

n t t^h A^/i+l / t ^(0 


k 


h=l m=l 


1=2 n=l 


dd 


-^+Ki) 


d(5(2), 


provided that Uh > for all h. The resulting integral may be simplihed by exploiting 

the fact that the variables with I ^ 2 are linear combinations of the components 

of S^‘^\ This implies that 




„ t fj-h—fj-h+l / z 

Jr’" ’’1 ^^2 m=l 1=2 n=l 

« t l^h /^/i +1 / t ^{0 

Jr^ ’’1 h=2 m=l ^ 1=2 n=l 


t u{l) 


-^+Ki)+(w-M2)(-2^+Ki)) 

d5(2) 


k 


+^(i) 




where in the last step we used the assumption ui > |i^(l) again to simplify the exponent. 
We may now iterate the procedure for increasing values of 1. Thus, provided that 
Uh > |(^(1) + ^(2)) for all h ^ 2, the same argument yields 


t hh—hh+l 


5 < 


•c 


h=2 m=l 
t f^h Mh + 1 


-’"2 


t v{l) 

n n ( ^ \^j{h,m),l,n 

1=3 n=l 

t y(l) 

n n ( ^ \^j{h,m),l, 

h=3 m=l 1=3 n=l 


-^+^(1)+K2) 


d(5(3) 


-^+u{l)+i^{2) 

ni , d(5(3\ 


and after t iterations we obtain convergence if Uh > \kwh {1 ^ h ^t). Furthermore, it 
is clear that under the same condition one has 


Z-Z{X)<^P 


s-K 


I'll 


t hh—hh+l 

n n 

h=l m=l 




)(/3,1)|2“'* d/3<P*-^X 


for some u > 0. 


(4.9) 

□ 


A coordinate transform now shows that ^ = P® ^Xoo with 

Too = / [ e(^A0i(C)) dCd(5, 

where where 0i(x) = cnx^^ + • • • + Cisxf, and it follows from Lemma 14.21 that Xoo is 
a hnite constant. Furthermore, the argument of [T^ Lemma 7.4] is easily adapted to 
prove that, under the conditions of Lemma 14.21 this constant is positive whenever the 
system fll.ip possesses a non-singular real solution in the positive unit hypercube. 
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Also, a standard argument yields 

OO 

Xp = = lim 

1^00 

i=0 

where M{p^) denotes the number of solutions of the congruences to the modulus p* which 
correspond to the equations fll.lj) . It follows from fl4.8p that Xp = 1 + 0{p~^) ^ | for p 
sufficiently large, and for small primes one uses Hensel’s lemma to deduce that Xp > 0 
if the system fll.ip possesses a non-singular p-adic solution. The proof of Theorem 11.11 
is now complete on recalling fl3.4p . fl4.5p . Lemma [4. 11 and Lemma [4.21 and the constant 
in ([13]) is given by C = Xoo Hp Xv 

5. Auxiliary estimates for systems of cubics and quadratics 

The proof of Theorem II .41 requires a more careful treatment. In this section we collect 
a number of auxiliary results that will be of use when we complete the proof in the hnal 
section. Here the system is given by 

Ciixf H-h Cisxl = 0 (1 ^ ^ rc), 

diixj H-h disxl = 0 (1 ^ ^ rg), (5.1) 

whence the relation fl2.ip reduces to 

'■Q rc 

1^2,j ^ ^ dijCX2,i and ^ ^ (^•^) 

^=1 i=l 

and the exponential sum takes the shape 

fj{oL]A) = + 72,ia;2) = /(7i)- 

xeA 

Note in particular that, since the respective ranks of the coefficient matrices (qj) and 
(dij) are rc and rg, only r = rq + rc of the 2 s entries of 7 are independent. 

For i G {2, 3} dehne 

m,iX) = \J {a e [0,1] : ||ga|| < XP"'} 

and 

qi.(X)= IJ {a e [0,1] : |a-a/g| < XP-*}, 

0^a<q^X 

and write 91l*(X) = 9112 (X) x 9 ^ 3 (-A). The respective complementary sets will be 
denoted with lower case letters, adorned with the same suffices or asterisks. Furthermore, 
for X < g write MiiQ, X) = MiiQ) \ 91i(X) and M*(Q, X) = m*{Q) \ 9l*(X). 

Lemma 5.1. Suppose that /(a) = /(ck; [1,-P]); set Q = P^A^ let Y be a positive 
number. 
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(i) For any u > 2, one has 


sup 


|/(a)|2“dafc, < p p3/2-u+ey 


«fc2G®tfc2 {Q)JMki{Q,Y) 

(ii) For any u > 7, one has 

[ |/(a)|“da < p“-5(y-i + p3-u/2+sy 

Proof. It follows from [H Lemma 4.4] that for ck = a/g + /3 G one has 

/(a) < q~^S{q, a)u(/3; P) + 

In the case of the second expression we therefore obtain the bound 


Im*{q,y) 


|/(Q:)|“dQ: < 


lM*iQ,Y) 


\q-^S{q, a)v{(3; P )|“da + vol 


and it follows from the argument of Lemma 8.3 (ii) in [27] that 

f \q~"S{q, a)n(/3; P) |“da < p“-5y-i 

whenever u > 7. Upon noting that voUDT*((5) -C Q^P~^, this establishes the bound 
claimed in (ii). 

We now consider case (i). To simplify notation, we write i = ki and j = ^2 for the 
remainder of the proof. Analogously to the above argument, for aj G DJij^Q) we have 


p CXD 9 poo 

JMiiQX) q=i ai=l JYP-'- 


|n(/3;P)|^“dA 


{a:9)=l 


(5.3) 


Now fl4.2p . together with the argument of Lemma [4.21 yields 

poo poo 

/ |n(/3; P)pMA < P^“ / (1 + |AI^* + \f3j\P^)-^'^^M(3, < p2«-*y-i 


'YP-^ 


lYP-^ 


for all n > 3/2. Furthermore, we have 

oo q oo 

£ £ V"”S(5,a)2“«n£Aa,l(p'). 


q=l ai = l 
(a,g)=l 


p 1=0 


where 




—2u 


£ S(,,a)"“ 

ai=l 

(a,q)=l 
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Observe that fl4.ip gives q -C q whenever (g, a) = 1 , whence 

p’- 

ai=l 

(a,p)=l 

Furthermore, for I G {1,2} we have the estimate 

S'(p\ a)-C (5-4) 

following from [16], Corollary II.2F and from the argument of the proof of [T^ Theo¬ 
rem 7.1] (see also Lemma 7.1 in [27|). We therefore have the bound 

ai=l 

(a,p)=l 

for I G { 1 , 2 }, and thus altogether 

OO 

= 1 + + p3-2-+-). 

1=0 

It follows that for some suitable absolute constants ci, C 2 , C 3 and 5 > 0 we have 

CXD 

nE^Ki(p')«11(1+cip‘-“+*+c2P=>-^“+')« n(i+ c3P-'-‘), 

p 1=0 p p 

whenever u > 2 and £ is small enough. The proof is now completed on inserting our 
estimates into 05.31) . noting that voliHj((5) <C for i G {2,3}, and recalling that 

Q = F3/4. □ 

In order to establish a suitable pruning lemma for smooth exponential sums we hrst 
need an additional auxiliary result. Let 

I{f32,f33)=[ e{f32x‘^ + f33X^)dx. 

hp 

The following is a modihcation of Theorem 7.3 of [T^ . 

Lemma 5.2. IFe have 

m, /Ss)« p{i ++p'l/^si)-'/'. 


Proof. As in the proof of Theorem 7.3 of [19] we observe that the claim is, via a change 
of variables, equivalent to 

[ e{(32X^ P (33x^)dx -C (1 + |/52| + 


Let p{x) = 2(32X + SPsx'^. If ssf denotes the set of all x G [1/2,1] satisfying \p{x)\ ^ 
(1/921 + then the contribution from this set is given by 

[ e{(32x‘^ + f33X^)dx < (|/? 2 | + 
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It thus remains to bound the contribution of = [1/2,1]\^. Either is empty, in which 
case there is nothing to prove, or we can End a G [1/2,1] with \p{a)\ < (|/52| + 

On the other hand, by the triangle inequality we have 

|p(a!)| ^ \2f32a\ - ^ 

In the case when \/32\ ^ we thus have ^\(32\ ^ b(«)| ^ (|/92| + I/Ssl)^^^ ^ 

so |/52| ^ 14/3, but for l/^al -C |/52| ^ 1 the claim is trivial. We may therefore assume 
that |/52| < Sl/dal, so that for each a E ^ one has \p{a)\ ^ Since we made the 

assumption that a ^ 1/2, this implies that \\ 2 P 2 + S/dsaj ^ (7|/53|)^/^. It follows that 
the measure of ^ is bounded above by 

vol{l/2 ^ a ^ 1 : \2f32 + 3f3sa\ ^ 2{7\l3^\f/^} < 

This establishes the statement. □ 

More generally, a similar argument can be used to show that for any set of degrees 
ki < ■ ■ ■ < kt one can End some suitable constant 0 < .^ < 1 such that 

[ e(y2/3jx^Adx<^p(i+y2p'^^\/3j 

JiP j V 

replacing the exponent 1/kt that can be directly inferred from Theorem 7.3 of [H] with 
the stronger 1/t. 

We are now in a position to establish the main pruning lemma for systems of cubic 
and quadratic forms, and here we largely follow the treatment devised by Brudern and 
Wooley [6]. In what follows, we write g{cx) = /(a; [Ip, P]) and hi^cx) = f{ot;A), where 
A denotes either [1, P] or A{P, R). 

Lemma 5.3. Let A E Q be fixed, and let Q = P^/^. 

(i) For any 5 > 0 one has the relation 

sup sup f \g{a 3 ,a 2 Y~^^h(Aa 3 + X, p)'^\da 3 

A,/ieR a2e<m2iQ) Jm3{q,x) 

(ii) Additionally, one has 

sup sup / \g{a 3 ,a 2 )h{Aa 3 + X, fi)^\da 3 

A,/ieR a2e<M2(Q) Jm3{Q,X) 

Proof. We Erst show (jl]). This follows almost directly from the argument of the proof of 
|ni Lemma 9]. If A = P/S', where B e'L and S eN, then by a change of variables one 
has 

/ \g{a3,a2y^^h{Aa3 +X,iJ.y\da3 

Jm3{Q,x) 

= S [ \g{Sa3,a2f"^^h{Ba3 + X,pf\da3. 

Js-^M3{Q,x) 
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Let K denote the multiplicative function defined by 

k(p*) = 


p i ^ 3, 


Then as a consequence of Lemma 4.4 in [T], equations fl4.ip and fl5.4p . and Lemma [5.21 
for every a G there exists q ^ Q such that 

g{as, as) « <q)P{l + 

and one easily conhrms that the hrst term in this expression is the dominating one. It 
follows that 


\g{a3, a2y^^h{Aa3 + A, p) 


Im3{q,x) 


< {<q)P?^' i 

l^q^Q 03 = 1 


\h{B{a3/q + /^s) + A, /x)|" 

,3^, Jx oTpW+pWF^^ 

(a.<?)=l 


d/?3, 


and in a similar manner to the treatment in [6] we deduce that for every /i G M one has 
|h(S(a3/g + /?3) + A,/i)p ^ Y e((x^ - i/^)5a3/g) 


03 = 1 
(a.q)=l 


03=1 x , y&A 

(o3,<?)=l 


^\B\ Y -1/^ 9) < ^Vg3, 

l^x,y^P 

where q^ denotes the cubic kernel of q dehned via q = q^ql with go cubefree. It follows 
that altogether we have 


|g(a3, a2f^^h{Aa3 + A, /i)V«3 


Im3{q,x) 


Q 


« P^+'5 q%K{q)f^^q3 / (1 + P'l/^sl + P='|/?3|)"'"'/'d/?3 


9=1 


'X 

\2+5 


< pi+-5x-V2 q%K{q)f ■ “^3. 

9=1 

Finally, the sum over q converges whenever e is small enough compared to 6. 

In order to prove the second statement of the lemma, we observe that by Holder’s 
inequality we have 


Im3(Q,x) 


\g{a3, a2)h{Aa3 + A, /i)®|da3 


•C 


Im3{q,x) 


\g{a3, a2fh{Aa3 + A, p)V«3 


1/3 / /•! 


|h(Ha3 + A,p)|®da3 


2/3 
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By considering the nnderlying eqnations it transpires that the second integral is bonnded 
above by 

f |h(a3,a2)|®da3 < f |/(a3, 0)|®da3-C 
Jo Jo 

where we nsed Theorem 1 of [IB]. It now follows from ([I]) that the expression in qnestion 
is bonnded above by (p2j^-i/2^i/3^p5^2/3 ^ p4j^-i/6 claimed. □ 

6. Proof of Theorem 11.41 

We now have the means at hand to complete the proof of Theorem 11.41 Onr hrst 
task in this section is to obtain a sharper version of the Weyl-type estimate contained 
in Lemma [3. II 

Lemma 6.1. Suppose that Q ^ P^P and a. G m(Q). Then for all M-tuples j there 
exists an index ji with 

Proof. Fix j, and snppose that for some cx. G [0,1)'’ one has \ fj^{cx)\ ^ Pi+=Q-P3 for 
each 1 ^ i ^ M. Then by applying Theorem 5.1 of |T], as in the argnment of Lemma 5.2 
of [27|, we hnd that there exist q ^ Q and r > 0 snch that 

\\Q 72 ,ji\\ QP~^~^ and WqiojM QP~^~^ (l^i^M). 

The invertibility of the coordinate transform implies, as in the proof of Lemma [3Tl that 
for large enongh P one has 

||<?a 2 ,i|| ^ QP~‘^ (1 ^ ^ tq) and ||ga 3 ,i|| < QP~^ {I ^ i < rc). 

As before, we conclnde that a mnst lie in DJl{Q), and the ennnciation follows. □ 

Recall the dehnitions fl2.4p and fl3.2l) . From now on set Q = P^P, and as before we 
let X = for the asymptotic estimate and X = (logP)^P®'’^ for the lower bonnd. 

Recall the dehnition of VJl and 91 from Sections 3 and 4 and set A4(Q,X) = Wl^Q) \ 
91(X). In what follows, we will abbreviate Wk,/i(93) = W(f8) and = /u(.A) 

for simplicity. Onr hrst goal is to estimate W(m(Q)), where we have A = [1, P]. 

Write for the set of a G [0,1)'’ for which \fj{cx)\ ^ p3/4+£^ jgf (j = ^ _ 2sq. 
For any given a-tnple (ji,..., p) G {1,..., s} the non-singnlarity condition implies that 
the remaining 2so variables may be assembled into a mean valne of the shape Ju([l, P]), 
and thns Lemma 16.11 implies that 

n • ■ ■ n < P2''+"4([l, P]). 

Consider a hxed a G m(P^P). Lemma l6.ll ensnres that one can hnd an index ji G 
{1,... ,r} with cx G Iterating this procednre, after k — 1 steps we can hnd an 

index jk G {1,..., r + fc — 1} \ {ji,..., j'fc-i} with cx G Since cx G m(P^P) has 

been arbitrary, after a steps it follows that 

m(P^/^) C lJ(m(P) n • • ■ n 
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where the union is over all cr-element subsets of{l,...,(T + r — 1}. We may conclude 
that 

W(m(p3/4))«p!-+^4([l,P]). 

We hrst consider the case tq = rc = r/2, so that t = 1 and z/(l) = 2. Recalling 
Wooley’s bound 

A(2,3)(11.-PI) (6-1) 

of [271 Theorem 1.3], Lemma [6.11 together with Theorem 12.11 yields for ui = 5 that 

W(m(P^/^)) < P3(*-2 ^o)+"(J 5_(2,3)([1,P]))"/2 < p|(«-5r)+£^p5+l/6+£)r/2_ 

Note that the exponent is smaller than s — K = s — 5r/2 whenever s > (16/3)r, and 
since (16/3)r = (32/3)rQ = (32/3)rc this is in line with the enunciation of the theorem. 
In the cases with tq ^ rc we have 

t = 2, k = 3, 1 /( 1 ) = z/(2) = 1. (6.2) 

If rg > rc the parameters are given by 

hi = rq, /i2 = rc, Mi = 2, U2 = 5, (6.3) 

and we deduce from Theorem O that 

J(2,5)([1,P]) « (J2,2([1,P]))"«-"^(J5,(2,3)([1,P]))"^ « ^p^+^yQ-rc (^p5+l/6+eyc ^ 

where we used Hua’s inequality and Wooley’s bound (I6.1|l as above. This shows 

W(m(P^/^)) p|(s-(4?'Q+6r-c))+3rc+2rQ+rc/6+£^ 


and for s > drg + (20/3)rg the exponent is smaller than s — (2rg + 3rg). 
For rc > rq we have 

hi = rc, h 2 = rq Ui = 4, U 2 = 5, 
and in this case Wooley’s bound (16.1|) together with Hua’s Lemma yields 

W(m(p3/4)) 

p|h-(8PC+2rQ))+£j'p5+£^rc-r-Q^p5+l/6+£^rQ 


which is acceptable whenever s > 8rc + {S/3)rq. 


In the case A = A{P, R) the analysis is more delicate, due to the fact that we have 
only a limited number of complete exponential sums at our disposal. In this case we 
take 

hi = rc, h 2 = rq, Ui = 3, U 2 = 5, (6.4) 

and we aim to prove the theorem with s = 7rc + [(ll/3)rQ]. We write A = rc — rq 
and let 

« 6A s 

/ Ylhj{a) JJ gj{a)da, 

j=l i=6A+l 

where gj{oi) = gi'jj) and hj{cx) = h(pfj), and g{cx) and h{oL) are as in the preamble to 
Lemma 15.31 with A = A{P,R). By considering the underlying diophantine equations. 
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one finds that the number of solutions of the system fl5.ll) with x G is bounded 

below by iV*([0,1)^), whence it suffices to establish a lower bound for the latter quantity. 
It follows from Theorem 1.2] that for a suitable choice of R there exists a number 
r > 0 satisfying 

(6.5) 

and we note for further reference that the current bounds imply r < 1/24. Let 
denote the set of a G [0,1)'" for which | 5 fj(Q:)| ^ p 3 / 4 +e_ gy Lemma [6.11 one has 

m C U ■ ■ ■ U 


so after re-indexing and summing over j, we find that A^/(rri) is bounded above by a sum 
of at most rc expressions of the shape 


6A 


7A 


px(4A-l)+. / g|, ,.(„)! g |g. 


a 


11—4t 


'[0,1)’'J=1 




j=6A+l 


i=7A+l 


We now apply fl2.5p in such a way that, for some sets of indices J7i, 5 / 2 , and 5/3 with 
|57i| = 1 ^ 2 ! = A and \ Jz\ = tq, one has 


Here we have written 


[ 0 , 1 )’’ 


n iLi 

j^ji 


ex 


n I* 

jej2 


OL 


1 1—4r 


n )da- 


Ip = r(4A - 1) rfrg] - frg, 


( 6 . 6 ) 


and we have used the fact that s = 7A -|- lOrg -|- flrg]. We next apply fl5.2p . Writing 
\ = (,^ 2 ,i, where is a linear combination of the 'yk,i with I ^ i, we hnd that 

A;(m) < [ 


[ 0 , 1 )’' 


n Hrj + 

j^J2 


1—4t I 


( sup sup / 

AeM2 72G[0,1) 2[0,1) 


\h{j + X)^g{-fY ^^|d73 


jeJs 


[ If?(7)l''/'d7y. (6.7) 

'[ 0 , 1)2 / 


It follows from [271 Theorem 1.3] that the second integral is bounded above by pip 3 +£_ 
Meanwhile, upon abbreviating Tli{Q) by 971*, we also have 


sup / 

72G[0,1) 2[0,1) 


\hh + A) gi-y) ^1 d 73 < sup \g{y)\ 

7 Gm* 


1—4r 


|h(7-h A)|®d73 


sup / 

72 69112 J<m3 


J[0,1) 

1^(7 + A)®^(7)^"^^1 d73. 


In the hrst term, fl6.5p together with Lemma 5.2 of [27] yields 

r rl 


sup 1 ^( 7 ) I 

7 €m* 


1—4r 


'[ 0 , 1 ) 


|h(7 A) I d73 -C P4 


—3t-|-£ 


|h(7)|M7<P' 


4—4tH-£ 
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In order to estimate the contribution from the major arcs we observe that an application 
of Holder’s inequality yields 

[ \hh +( [ |£/(7)^^^^(7 +AjVbs) ([ |^(7)l'^d73^ , 

Jms \Jm3 J \Jo / 

where uji = {2 — 8r)/5, a ;2 = (3 + 8r)/5, and 0 = (26 + 16r)/(3 + 8r). Observe in 
particular that for r < 1/24 one has </> > 8. It follows that the hrst integral is 
by Lemma fUj) . and the second one is by Hua’s Lemma, whence we obtain 

an overall contribution of 

p(3/5)(l-4r)p(</)-3)(3+8r)/5+£ ^ p4-4T+£ 


from the major arcs. Together with the minor arcs contribution we hnd 


sup / 

72G[0,1) J[0,1) 


M7 + A)^(7(7)'-"1d73«P' 


4—4tH-£ 


and therefore 


'[ 0 , 1 )'- 


n +>^j)f\ 9 hj)\^ 

j^J2 


—4t 


n « P^^d-r)+epil7/3)r^_ 


j^Ja 


On recalling fl6.6ll and fl6.7p . we thus obtain 

A^*(m) <C p4rc + (5/3)rQ-4TA p4rc +rf^Ql -t/2 

for £ sufficiently small. 

It follows from our dehnitions of major and minor arcs that 
7V,(n(X)) « 7V,(m(Q)) + N,{M{Q,X)), 


( 6 . 8 ) 


where iVs(iB) denotes either or iV/(53). In view of the preceding estimates, 

fl 6 . 8 ll shows that the analysis of the minor arcs u(X) will be complete upon obtaining a 
satisfactory bound for Ns{Ai{Q, X)). 

Lemma 6.2. Let 1 ^ X ^ arbitrary, and suppose that the system fl5.ll) is 

highly non-singular with s given via fl2.3p where u is as in fl6.3p or fl6.4p . Then we have 

Ns{M{Q,X)) < ps-Kj^-i/m)_ 

Proof. The relation (15. 2 p implies that, whenever a G DJl{Q), then for every pair of indices 
i,j there exists an integer with \bij\ ^ B = r maxjjjcjj, such that 7 ^.^ — G 
97tfc.(Q). We show that when oc ^ D1(X), then necessarily one has 7 ^ DT(T) + TL for 
Y = Por this purpose, observe that for i G {1, 2} only fii of the entries of 7 ^. are 

independent. Now suppose that all entries of 7 ^. are in 7tfc.(y) + 1/. Then for every 
i G {1,... there exist qj ^ X and G Z with ^ YP~^\ The 

invertibility of the coordinate transform fl5.2p implies that we may retrieve the cx.^. from 
the 7 fc., and we therefore deduce that 

Wui - akal<l\ ^ tT.YP-’^^ 
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for some constant k depending at most on the (cjj) and (dij). However, we have q = 
di''' ^ ) whence 

at,j € C = mt,(x) (im n). 


It follows that whenever ol G M.{Q,X), then there exists some pair of indices {ki,j) 
with 7 fc.j G Hfc. (F) + Z, so altogether 7 G Ai{Q, Y) + Z^ D [—B, B]^. 

For the rest of the argnment we abbreviate Tl = Tl{Q), 91 = 91(F) and Ai = 
A4 (Q,Y), and we nse the same conventions for the respective symbols when eqnipped 
with snffices or asterisks. 

For tq 7 ^ rc and A = [1,F] set Vi = 2ui + (s — 2so)/M for i G {1,2}, so that 
(pi — /r 2 )ui + ^ 2^2 = s. The relations fl2.5p and fl5.2p together with the above argnment 
imply that there exist sets of indices J7i and J^ 2 , with |j7i| = pi —/i 2 and \J 2 \ = /i 2 , snch 
that 


N,(M(Q,X)) < 
< 


'MiQ,X) 


'M(Q,Y) 


n l/U)!" n l/(T,)l”da 

ieJi jej2 

n i/u)!”’ n i/(v)r’d 7 . 

i€Ji jeJ2 


Note that by the non-singnlarity condition we may assnme that all entries {'yk 2 ,i)i£ji 
determined by the entries {'Ik 2 ,j)j&j 2 - We therefore obtain 


N,(M(Q,X)) < 


/ n l/(v)l”d7, 

j X Vli„7fa) n l/(v)l"d7„ 


where we wrote 


^Ji(®,7fc2)= [ Y\\f{'lkui,'lk2,i)r^'lki,i- 
i€Jl 


Observe that we have V 2 > 2u2 = 10 regardless of which of rc or tq is larger. Writing 


T{(t)= snp /'|/(7fci,7fc2)r'd7fci, 

we may therefore deploy Lemma 15.11 with vi > 2ui = 4 to obtain 

N,{M{Q,X))^T{mk,r->^^( [ |/(7)rd7y' / |/(7)rd7 

V Jm* / Jm* 

+ r(SDIt. Alfa) f £ 1 /( 7 ) |“d 7 y’ 

^ p(«^2-5)M2 + (^’l-fcl)(Ml-M2)y"-l 


Upon noting that s = — P 2 ) + T 2 /i 2 and K = 5/i2 + — fi 2 ), this yields the 

desired conclnsion. 
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Similarly, for rg = = r/2 we deduce from fl2.5p and Lemma [5.11 (ii) that 

r /2 

N,{M{Q,X)) < [ (t[ |/(7i)r°V7 < p--2-0+(5/2)r-y-l^ 

J{m*y/^-^xM* \f=i J 

and the result follows on noting that sq = K = 2rQ + 3rc = (5/2)r in this case. 

Finally, in the smooth case we have |57i| = A = rg — rg and \J 2 \ = rg, and as in the 
argument leading to fl6.7p we obtain 

Nt{M(Q,X)) « prWKol [ TT |ft(7. + A.)®j( 7.)| TT |j(7,)r"d7 

for suitable vectors A* = (A 2 ,j, X^^i) G M^, where is a linear combination of the 
coefficients jk,! with I ^ i. By writing 


?7i(®> 72)= sup [ TT |h( 7 i + Ai)®^(7i)|d73,i, 


we see that 

N:(M(Q,X)) < pb2/3FQl 




^7i( 2^^72) n I^( 7 i)r°d 7 j 


jeJ2 


Letting 


pf(2/3).pl / X Ms,J2) n I^(7i)r°d7,- 


T{€) = sup sup / |h (7 +A)®^(7)|d73, 

72 6®! AeK2 Jit 


then by an argument analogous to the one above with Lemma 15.31 (liip in the place of 
Lemma [5. If ii we obtain 


N;(M(Q,X)) < pd2/3FQlf(gjt3)^ 


'm* 


\ 

l/(7)r°d7 


/ Jm* 


i/( 7 )rM 7 


+ Pd^AhQlf (97l3)^“'T(Af3) ( / |/(7)r°d7 


'wt* 




pr(2/3)rQlp4Ap5rQy-l/6 ^ ps-Ay-1/6 


This completes the proof of the lemma. □ 

The analysis of the minor arcs n(A) = [0,1]^ \ T1(A) is now completed on inserting 
Lemma [6.21 together with the estimates ensuing from Lemma [6.11 into fl6.8l) . 

For the major arc analysis, only small modifications to the arguments of Section 4 are 
required. In completing the singular series, we again have to make a case distinction 
as to whether rg > rg or not. If rg > rg we have fl6.2p and fl6.3p . and with these 
parameters fl4.8|) becomes 

A{p‘) <£ + p-‘(3(‘‘+l/r)-l)+« ^ p- j(l+l/'')+»_ 


(6.9) 


















SIMULTANEOUS ADDITIVE EQUATIONS 


27 


and it follows that 

OO 

( 6 . 10 ) 

1=3 

For i G {1,2} we make recourse to the estimate fl5.4p . Following through the argument 
of the proof of Lemma 14.11 one thus obtains 

MpI < p-<5(4+lA)-l)+^ + ^-i(i(10+l/r)-2)+£ ^ ^-l-l/(2r)+e ^ 2). (6.11) 

Now on combining (16.1 Oh and (Id.llh one has for a suitable constant c that 

© ^ JJ(1 + < 1. 

p 

If Tc > tq we have fl6.4p . and thus 

A{p^) < p-*( 3 dO+lA)- 2 )+e _^^-i(i(6+l/r)-l)+£ ^_i(i+i/(3r-))+£^ 

which is also satisfactory. Finally, in the case tq = tq the bound is given by the hrst 
term in fl6.9p . whence A{p^) -C fQj^ follows that the singular series converges 

also in the setting of Theorem 11.41 and also that & — ©(^) <C X~^ for some 5 > 0. 

For the singular integral, the results of Lemma 14.21 are satisfactory even in the case 
of Theorem 11.41 To verify this, we hrst observe that when tq ^ tq one has ui ^ 2 > 
3/2 = (fc/2)i/(l) and ^2 = 5 > 3 = (/c/2)(i/(l) + i^(2)), whereas when rq = rc we have 
Ui = 5 > 3 = {k/2)v{l). The proof of Theorem 11.41 is now complete on recalling the 
concluding discussion of Section 4. 
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